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We explore the properties of physical theories in space-times with two time dimensions. We 
show that the common arguments used to rule such theories out do not apply if the dynamics 
associated with the additional time dimension is thermal or chaotic and does not permit long-lived 
time-like excitations. We discuss several possible realizations of such theories, including holographic 
representations and the possibility that quantum dynamics emerges as a consequence of a second 
time dimension. 



I. INTRODUCTION 

Modern unified theories of the fundamental interac- 
tions generally posit that we live, at microscopic scales, 
in a universe with more than three spatial dimensions. 
Following Kaluza's [1] and Klein's [2] original idea, the 
extraneous dimensions are assumed to be compactified 
so that excited modes of the elementary particle fields 
involving nontrivial dynamics in these dimensions are ex- 
ceedingly massive and therefore not directly observable. 
The sole exception to this rule may be gravity [3J. 

The Kaluza-Klein concept is naturally realized within 
superstring theory, which requires at least six additional 
dimensions for internal consistency [1] . It has been noted 
in recent years that the additional spatial dimensions do 
not have to be aspects of a genuine space-time contin- 
uum, but could be artefacts of the algebraic structure of 
some underlying quantum mechanical system [5]. 

One common feature of most theoretical speculations 
of this kind is that the additional dimensions are as- 
sumed to be spatial. The reason for this restriction is 
that physics in the presence of more than one temporal 
dimension is generally considered to violate several fun- 
damental and well established properties of nature. The 
two most important of these principles are causality and 
unitarity, but there are also concerns that additional time 
dimensions imply tachyonic modes and ghost fields, i. e. 
field components with negative norm. 

We will discuss the case against more than a single 
time dimension in Sect. II, followed by an overview of 
the arguments that have led us to reconsider this case. In 
Sect. Ill, we first review the mathematical difficulties as- 
sociated with the initial- value problem for wave equations 
in spaces with multiple time dimensions. After explain- 
ing why a recently proposed resolution of the ill-posed na- 
ture of the initial- value problem does not work in general 
for interacting fields, we will argue that interacting fields 
without propagating time-like modes (with respect to the 
additional time dimension) can evade this difficulty. In 
particular, we show how the difficulty can be circumnavi- 
gated if the field is thermalized in the additional time di- 
mension. We propose a specific model of such a quantum 



field theory, constructed as the boundary field theory of 
a six-dimensional Anti-deSitter space-time with two time 
dimensions containing a Schwarzschild black-hole. 

In Sect. IV we point out that, once the notion of field 
theories in space-times with two time dimensions is ac- 
cepted as physically viable, the quantum dynamics of the 
reduced field theory in Minkowski space can be gener- 
ated by the mechanism of micro-canonical quantization 
from the underlying classical dynamics of a field in a 
higher-dimensional space-time that contains two time di- 
mensions. Finally, we summarize our results and present 
some thoughts about the possible cosmological context 
of a second time dimension. 

II. MULTIPLE TIME DIMENSIONS 
A. The case against multiple time dimensions 

Let us briefly review why the basic principles of causal- 
ity, unitarity, and vacuum stability are thought to be vi- 
olated in the presence of additional time dimensions. 

1. Causality: In space-times with at least two time di- 
mensions, it is always possible to construct closed 
time-like curves [5] . This is especially worrisome in 
the context of classical physics, where observers are 
not part of the physical system and can "act" in un- 
predictable ways. The existence of closed time-like 
curves implies that an observer can revisit the past 
and, if we accept the tenet of "free will" , change it 
in a manner that is incompatible with the already 
experienced future. The classic example of a result- 
ing inconsistency is the trip back in time, where the 
hero unwittingly kills his own ancestor (the grand- 
father paradox). Obviously, anything resembling 
the common notion of causality cannot be main- 
tained under such circumstances. The question of 
the well-posed nature of the Cauchy (initial-value) 
problem in space-times with closed time-like paths 
was investigated in detail by Aref'eva et al. [S]. 

2. Unitarity: While violations of causality can arise 
both in classical and quantum dynamics, violations 
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of unitarity are specific to the realm of quantum 
mechanics. Why unitarity can be violated in the- 
ories with more than one time dimension is most 
easily illustrated, following Yndurain [TO], by con- 
sidering the Feynman propagator of a scalar par- 
ticle in three spatial and two temporal dimensions 
denoted by x and (t,9), respectively. We denote 
the Fourier transformed variables as (k, ui,x)- The 
potential energy V(r) between by a static source, 
located at x = and one at |x| = r and existing at 
the same "time" 9, has the form (see Appendix for 
details): 
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where L is the extent of the additional time dimen- 
sion (considered as compact) and a is the effective 
low-energy coupling constant. 

As seen from ([T]), the additional compactified time 
dimension renders the scalar potential generated by 
a static source imaginary. Yndurain's result also 
applies to the Coulomb potential generated by a 
static charge; thus, the energy levels of the hydro- 
gen atom would be complex, implying a violation 
of the conservation of probability. In other words, a 
compactified second time dimension leads to viola- 
tions of unitarity in quantum mechanics, seemingly 
excluding extended space-time models of this kind. 
Dvali et al. [IT] considered a slightly different sit- 
uation, where particles are localized at 9 = 9 in 
the second time dimension, and only gravity prop- 
agates freely in the additional dimension. 

3. Tachyons: Quantum field theories in space-time 
with more than one time dimension generally suf- 
fer from the presence of tachyonic modes. In or- 
der to see why, we again consider a scalar field in 
Minkowski space augmented by a fifth, temporal 
dimension, with the same notation for the coor- 
dinates and the conjugate momenta as above. The 
dispersion relation of a free relativistic particle with 
mass to then has the form 



;(k, X ) = k 2 - X 2 
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which implies an imaginary Minkowski space en- 
ergy u) whenever \ 2 > k 2 + to 2 . Modes in this 
kinematic regime grow exponentially in the physi- 
cal time coordinate t implying a vacuum instability. 

4. Ghosts: For massless vector particles, whenever the 
metric g^ v contains a second temporal eigenvalue 
(+1 in our convention), the Feynman propagator 
D l _ lv (k) = —ig tIl/ (k 2 + ie)~ x contains ghost modes 
with negative norm, which are not eliminated as 
dynamical degrees of freedom by the transversality 
condition k^A^(k) = 0. 



B. Multiple time dimensions reconsidered 

We shall now explain why these objections against ad- 
ditional time dimensions may not be as ironclad as gen- 
erally believed. We begin by noting that the objections 
are based on the assumption that the higher-dimensional 
space-time exists in a state resembling the vacuum state, 
so that local excitations are discrete in energy and their 
classical or quantal motion is regular. This need not be 
the case for an additional time dimension. For instance, 
we can imagine that excitations with an (energy-like) 
momentum component in the direction of a second time 
dimension are thermally excited with a temperature T5 
that is much higher than any energy scale accessible in 
the laboratory. The dynamics in the additional time di- 
mension would then be diffusive, not ballistic, and would 
thus render any deliberate attempt to revisit a targeted 
event in the past futile |12j . 

In fact, for the causality argument against a second 
time dimension to fail, we do not have to assume true 
thermalization. All we need to assume is that the excita- 
tion energy with respect to the second time dimension is 
sufficiently high and the physical system sufficiently non- 
linear, so that all trajectories involving motion in the sec- 
ond time dimension are dynamically unstable. Even an 
infinitesimal deviation from the precise initial conditions 
of the closed-time path would then result in exponen- 
tially large deviations of the end-point of the trajectory 
from its starting point. Our fortunate hero would almost 
certainly miss his ancestor, or more correctly, the proba- 
bility for an encounter with him would be exponentially 
small no matter how hard he tried. 

A space-time with a thermally excited second time di- 
mension also allows us to evade the objection based on 
unitarity violation [15 . If we repeat Yndurain's calcu- 
lation of the propagator of a scalar particle, but in a 
thermal bath rather than in the vacuum, we do not en- 
counter unitarity violations. The periodicity of the sec- 
ond time dimension is now along the imaginary axis, im- 
plying Matsubara frequencies \n — 27rmT 5 , and the re- 
sulting two-body potential 
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remains real as discussed in the Appendix. Corrections 
to the usual Minkowski space potential —a/r are expo- 
nentially suppressed when T 5 is large. Note that for equi- 
librium quantities the thermal extra time dimension be- 
haves like an extra spatial dimension with compactifica- 
tion length L = I/T5; thus the high temperature limit 
for the thermal extra time dimension is equivalent to a 
small compactification radius for an extra spatial dimen- 
sion when only long-time averages are considered. 

Similarly, when T5 is large and one is only interested in 
Minkowski space observables averaged over second time 
intervals A9 3> 1/T 5 , these can be calculated using the 
imaginary-^ formalism. For each Matsubara frequency 
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X^ n \ the dispersion relation in real physical time: 

w(k,x) = k 2 -xl +m 2 

= k 2 + {2nnT 5 ) 2 + m 2 (4) 

only yields real Minkowski space energies uj. The theory 
thus does not contain tachyonic modes. Finally, ghost- 
like modes are eliminated if the modes of vector fields 
polarized in the #-time direction are screened. 

C. Other studies of multiple-time theories 

The possibility of the cosmological emergence of ad- 
ditional time dimensions was considered by Sakharov 
|16j . Aref'eva and Volovich [T7] showed that the prob- 
lem of ghost modes in Kaluza-Klein theories with addi- 
tional time dimensions can be avoided, if the additional 
time dimensions reside in compact manifolds that have 
no Killing vector field at all. Examples of such spaces 
are Kummer's K3 manifold or, more generally, compact 
hyperbolic manifolds. 

Aref'eva and Volovich showed further that Kaluza- 
Klein type theories with additional time dimensions 
would generally compactify on hyperbolic manifolds. 
Geodesies in such spaces have stochastic behavior; as a 
matter of fact, geodesic motion on Riemannian manifolds 
with constant negative curvature serves as a tractable 
mathematical model for dynamical systems with strongly 
chaotic properties [IS]. As we argued above, this prop- 
erty may also ameliorate or even eliminate the problem 
of macroscopic causality violations. 

Bars and collaborators have extensively considered 
theories in spaces with two time dimensions, which pos- 
sess an additional local symplectic gauge symmetry con- 
necting position and momentum variables [19 -21j. The 
imposition of a gauge constraint then allows one to reduce 
the dynamics to a single time dimension. This avoids all 
undesirable aspects of theories with two time dimensions, 
but at the cost that the quantum field cannot, even in 
principle, dynamically explore the second time dimen- 
sion. Nevertheless, the possible progeny from a higher 
dimensional space-time may help resolve certain unex- 
plained properties of the Standard Model [22] • 

III. ULTRA-HYPERBOLIC WAVE EQUATIONS 
A. The Cauchy problem 

The generalization of Minkowski space with p spatial 
and q temporal dimensions is denoted as R p ' 9 , and we 
specify a vector in W' q as (xx, ■ ■ ■ ,x p ; tx, . . . , t q ). We will 
refer to t\ as the "physical" time coordinate. Later we 
will be interested in the special case p = 3, q = 2. In this 
case, we denote the five-dimensional vector as (x;i,#), 
where t represents the physical time coordinate. 

The prerequisite for a causal dynamics in any space- 
time manifold is that the Cauchy problem for the relevant 



differential equations is well posed. Let us, for simplicity, 
consider the scalar n = p + q dimensional wave equation 

Differential equations of this type with q > 1 are called 
ultra-hyperbolic. The Cauchy problem for linear ultra- 
hyperbolic differential equations of the type ^ has been 
studied by various authors [33] [H] and explicit solutions 
were given by Owens [25j . The minimal conformal rep- 
resentations of solutions of the wave equation were con- 
structed by Kobayashi and 0rsted |2^j for even values of 
n. 

If there is more than one temporal dimension, the ini- 
tial data must be given on a (n— l)-dimensional hypersur- 
face of mixed metric signature, i. e. one which contains 
temporal directions. Without loss of generality, we as- 
sume that the initial data are given on the hypersurface 
tx = and denote the vector of the remaining temporal 
coordinates by t' = (t 2 , . . . ,t q ). Building on a general- 
ized mean value theorem by Asgeirsson [57] , John showed 
that, if the initial value problem has a solution, this so- 
lution is unique |23j . 

Courant [28] pointed out that Asgeirsson's theorem 
also implies that the initial value problem is generally not 
well-posed, because a global solution of the wave equation 
([5]) does not exist for arbitrary initial conditions. This 
can be seen as follows [28] (see also Tegmark [29]). First, 
Asgeirsson's theorem implies that knowledge of the ini- 
tial value data in an infinitesimal region in the temporal 
coordinates, 

ti = 0; |t'-t' |<£; |x-x |<a (6) 
is sufficient to fix the data in the finite cone-shaped region 

ti = 0; |t'-t' | + |x-x | <a (7) 

on the hypersurface. In other words, while data on the 
whole spatial domain contained somewhere in the past 
light-cone of a space-time point is needed to uniquely de- 
termine the value of the function u(x, t), the data need 
to be known only on an infinitesimal strip in the temporal 
directions fa, . . . , t q (see Fig. 1). Because the infinitesimal 
disk ([6| is sufficient to determine the Cauchy data for a 
solution of cq. ([s]) over the whole cone Q , it is not possi- 
ble to prescribe arbitrary data in the cone, but only those 
which are compatible with the data in the infinitesimal 
disk. Since a solution of the ultra-hyperbolic equation 
is unique if it exists, this implies that no solution exists 
for arbitrary Cauchy data on the cone-like region. (The 
same argument applies to the disk-like region itself, be- 
cause it is always possible to find a narrower disk which 
already fixes the Cauchy data on the larger disk.) 
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FIG. 1: Initial data domain for the Cauchy problem for the 
scalar wave equation in an space-time with two time dimen- 
sions. The spatial extent of the domain on the co-dimension 
one hypersurface t% = can be chosen arbitrarily large (here 
as a sphere of radius a), while an infinitesimal extent in the 
second temporal dimension ti is sufficient. The data given 
in the infinitesimal disk completely fix the data in the entire 
cone-shaped region indicated in the figure. This result implies 
that the Cauchy problem on any finite volume on the t\ = 
hypersurface has generally no solution. If a solution exists, 
however, it is unique. 



These results, however, leave the question unanswered 
which Cauchy data are admissible. Recently, Craig and 
Weinstein [SUl EH] showed that the existence of a unique 
causal solution can be ensured by imposing a nonlocal 
constraint on the initial values. They proved that a 
unique global solution of the ultra-hyperbolic wave equa- 
tion ([5]) exists if the (p + q — l)-dimensional Fourier rep- 
resentation 



M (x,t') = 
Ml(x,t') = 

of the initial data 
M (x,t') = 
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w(x, 0, t') 
Ou 

ui(x,t') = — (x,0,f) 
at 1 

satisfies the constraint 

M (k,x) = wi(k,x) = forx 2 >k 2 



(9) 



(10) 



The physical interpretation of the constraint ( 10 ) is that 



the initial conditions of the field only have support in the 
region of space-like momenta on the (n — l)-dimensional 
hyperplane t% = 0. This result is easy to understand. If 



we write the Fourier representation of the solution u(x, t) 
of eq. ([5]) as 



u(x, t) 
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smHKx^i])^*-^' (11) 



with w(k, x) = \/k 2 — x 2 , the constraint (10 1 ensures 



that only real values of w(k, x) appear in the representa- 
tion, and thus u(x, t) remains bounded. 

The problem with the result of Craig and Weinstein 
is that the constraint |To| ) only works for a free field, 
but fails to protect the global evolution of u if the field 
is interacting, i. e. if the wave equation contains nonlin- 
ear terms in u. For illustration, let us consider a small 
quadratic term in the wave equation: 



4-i dx? 



k=l 



OLU = 0. 
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If cm 2 <C U, we can consider the nonlinear term as a 
perturbation, at least for a very short time interval < 



t\ < t. The time derivative of the solution of (12) at 
time t\ = t is given by 
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The Fourier transforms of the first and last term only 
have support in the domain x 2 ^ k 2 , if this is true for 
the initial data at t\ =0. The second term, however, has 
the Fourier transform 
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k',x-x')«o(k',x'), (14) 



which generally is nonzero for k = even if x 7^ 0. This 
consideration implies that the constraint ( 10 ) is gener- 



ally not preserved by the physical time evolution of the 
field in the presence of interactions. The physical inter- 
pretation of our result is that two space-like momentum 
modes on the hyperplane t\ = can fuse into a time-like 
momentum mode, if their space-like momenta cancel or 
nearly cancel. 



B. Fields with quenched time-like modes 

The consideration at the end of the previous subsec- 
tion shows that the initial value problem for interacting 
fields in space-times with more than a single time dimen- 
sion can be well-posed only if time-like momentum modes 
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are dynamically suppressed or "quenched", so that the 
time (ti) evolution does not violate the Craig- Weinstein 
constraint (10). In order to understand what this re- 



quirement implies, we consider the dynamics of the field 
within the (n— l)-dimensional subspace of the hyperplane 
(x, t') £ R p ' 9_1 , on which the initial- value data are given. 
For specificity, let us consider the case p = 3, q = 2, i. e. 
the extension of Minkowski space by one additional time 
coordinate, which we denote by t<z = 9. We also sim- 
ply write t\ = t. We are looking for a field theory, in 
which all momentum modes with \x\ > |k| are dynami- 
cally quenched and only modes with \x\ < |k| survive. If 
we could find such a field theory, we would not need to 
arbitrarily impose the constraint ( 10 ) on the initial data, 



rather, the constraint would arise dynamically from the 
field theory. 

The thermal N = 4 supersymmetric Yang-Mills the- 
ory in (3+1) dimensions at large number of colors N c and 
large 'tHooft coupling constitutes precisely such a theory. 
The spectral function of current and stress-energy corre- 
lation functions of this theory have been studied in detail 
[52l 155] , and it was shown that the theory does not con- 
tain propagating modes, except the hydrodynamic mode 
which is only weakly damped. The hydrodynamic mode 
with the space-like dispersion relation \ 2 = k 2 /3 exhibits 
minimal damping from a shear viscosity rj that saturates 
the so-called KSS bound 77 = s/Att [5J [55]. 

Time-like excitations in the thermal super- Yang-Mills 
theory at strong coupling are rapidly damped (36] 137] , 
(Note that we here refer to the ^-direction as "time" and 
to T 5 = Tg as "temperature".) In the gauge theory, this 
process corresponds to the "democratic" splitting of the 
original elementary excitation into lower-energy modes, 
which become part of the thermal bath within a finite 
time [55] [5S] . One may visualize this as "shooting a wa- 
ter gun under water", where the initially well identified 
stream of water emerging from the gun quickly fragments 
into smaller and smaller eddies and quickly loses its iden- 
tity and dissipates into the surrounding water. 

In order to see how the exponential growth in physical 
time of modes with \ 2 > k 2 can get suppressed by such 
rapid damping, we consider a schematic example. Let 
us assume that all dynamical excitations in #-time decay 
like Gaussians with a time constant t, and we focus on 
the "most time-like" modes by setting k = 0: 



u(0) = e 
The Fourier transform is 

u(x) = V2^e~ T2x2/2 . 



(15) 



(16) 



The full time-dependence of a massless mode in t and 
is then obtained by setting uj = ±ix- 



u{t,9) = 



2tt 



exp 



1 ± it)' 
2r 2 



Averaging this expression over 9 yields a constant, which 
is independent of the physical time t. In other word, 
the #-time dependence decouples from the physical time 
dependence, which will be determined by the dynamics in 
Minkowski space, i. e. four-dimensional (x, t) space-time. 



C. Holographic theory with two time dimensions 

This picture of a strongly coupled, thermal, super- 
symmetric gauge theory in higher dimensions is sugges- 
tive of Witten's holographic construction [3U] of the 4- 
dimensional large- N c Yang-Mills theory as the boundary 
field theory of a supergravity theory on AdSy space in 
which two spatial dimensions have been compactified on 
a circle. The first compactification preserves supersym- 
metry, while the second one is assumed to correspond to a 
"thermal" compactification, which breaks supersymme- 
try by requiring periodic boundary conditions for bosons 
and antiperiodic ones for fermions. Although this addi- 
tional benefit is important if one wants to imbed the sce- 
nario of two time dimensions into string theory, it is not 
essential in a more general context. Witten's construc- 
tion has been used to obtain estimates for the glueball 
spectrum and other properties of the pure Yang-Mills 
theory in the large 'tHooft coupling limit [5TJ 02] • 
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FIG. 2: Schematic representation of the six-dimensional Anti- 
deSitter-Schwarzschild geometry. The black hole is located 
at r = 0; its horizon forms a black brane at r = ro- The 
five-dimensional boundary space-time contains two time di- 
mensions, one of which (8) is assumed to be thermalized by 
the black hole. 



One possible realization of a holographic theory with 
two time dimensions, one of which is thermal, is six- 
dimensional Anti-deSitter space space AdSg containing a 
black hole [35J-05] . The imbedding of the black hole iden- 
tifies which direction in the two-dimensional plane of time 
dimensions is thermal. As elsewhere in this manuscript, 
we label this direction by the coordinate 9; the orthogonal 
time direction is labeled t. The metric of this space-time 
is given by 

l~ 2 ds 2 = {r/Rf [f{r)d9 2 - dt 2 + dx 2 ] 

(R/r) 2 



+ - 



-dr l 



(18) 
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where 



(19) 



is the metric factor determining the location of the 
black hole horizon along the radial AdSg direction. The 
AdSg-black hole geometry is illustrated in Fig. 2. The 
AdSg-Schwarzschild metric (18) is an solution of the 6- 



dimensional Einstein equations with a nonvanishing cos- 
mological constant. Here 9 is taken to be a periodic co- 
ordinate with period 



4ttR 2 
5r 



(20) 



corresponding to the inverse Hawking temperature of the 
black hole. Assuming holographic duality, the AdSg met- 
ric (181 has been used to estimate the low- lying glueball 



masses, string constant, and other infrared properties of 
the large-A c Yang-Mills theory with qualitatively good 
results [HiS]. 

The holographic representation also provides an intu- 
itive explanation for the rapid quenching of 0-time modes 
of the strongly coupled boundary gauge theory. Such ex- 
citations are represented as string-like excitations of the 
dual gravity theory, which fall into the black hole encod- 
ing the thermal bath and disappear behind the horizon 
in a finite time [33 133 • 



D. Non-supersymmetric gauge theories 

It may not be necessary to restrict the theory to ei- 
ther strong coupling or supersymmetry. In fact, in an 
interacting thermal field theory all time- dependent ex- 
citations not protected by conserved quantum numbers 
ultimately decay to the equilibrium ensemble. For ex- 
ample, in a thermal Yang-Mills theory without matter 
content all time-dependent gauge field configurations are 
quenched and only static chromomagnetic fields survive 
at large times [46]. The time scale for the decay is given 
by the inverse temperature T 5 multiplied by a power (and 
possibly logarithms) of the coupling constant g of the 
gauge theory. 

This argument suggests that the thermal 5- 
dimensional Yang-Mills theory in (3 + 2) dimensions 
reduces to the vacuum Yang-Mills theory in (3 + 1) 
dimensions on length and physical time scales much 
larger than the inverse temperature. This statement is 
known to be true when the physical time dimension t 
is analytically continued from Minkowski space R 3 ' 1 to 
Euclidean space R 4 . In this case, all static correlation 
functions in R 4 ' 1 are dominated at long distances by 
the n = Matsubara frequency \n — ^ninT^ of the 
thermal unphysical time dimension 9. The effective 
coupling constant of the 4-dimensional gauge theory is 
.94 = 35T5, where g$ is the dimensionful coupling of the 
5-dimensional gauge theory, which in non-renormalizable 
and thus requires a physical short-distance cut-off. In 



order to obtain a 4-dimensional coupling of order unity, 
T5 cannot differ very much from this cut-off. 

The physical gauge theory in Minkowski space thus 
emerges as the long-distance limit of a thermal 5- 
dimensional gauge theory in a space-time with two time 
dimensions. Formally, this 5-dimensional theory would 
be constructed by doubly analytically continuing the 5- 
dimensional euclidean gauge theory defined on R 4 x S 1 , 
where the compactified dimension corresponds to the un- 
physical time dimension, which is hidden from observa- 
tion by thermal physics. 



IV. QUANTIZATION BY A SECOND TIME 
DIMENSION 



Building on the results of the Sect. III.D, we can now 
argue that a classical dynamics in the (c?+2)-dimensional 
space-time induces an effective quantum dynamics in the 
(d + 1) -dimensional space-time. This concept is not en- 
tirely new. It is implicit in Beck's idea of chaotic quanti- 
zation 47. and explicit in the chaotic quantization model 
of Biro et at [48] . who argued that quantized non- 
Abelian gauge theory can be understood as the infrared 
limit of the corresponding classical gauge theory in a 
higher space-time dimension. In some respects, our argu- 
ment can also be viewed as a realization of 'tHooft's con- 
jecture |49j that quantum mechanics emerges as a limit 
of classical dynamics under appropriate conditions of dy- 
namical information loss. 

The idea that a classical field theory can be equiva- 
lent to a lower-dimensional quantum field theory is also 
inherent in the concept of gravitational holography [50] . 
although it is usually explored only in the strong cou- 
pling limit for the most widely studied models [ST]. In 
these models the additional space-time dimension is usu- 
ally taken to be spatial and endowed with a nontrivial 
metric. Here, we consider an additional temporal dimen- 
sion, not a spatial one. 



A. Micro-canonical quantization 

In order to explore the quantum mechanics inducing 
property of an second time dimension it is useful to con- 
sider a time dimension attached to the euclidean analogue 
of Minkowski space-time, i. e. by considering the mani- 
fold defined by the coordinates (x, t = — it, 9) with the 
metric 



ds 2 = -d9 2 + dr 2 



dx 2 . 



(21) 



As before, 9 denotes the unphysical time coordinate. We 
denote the conjugate momentum to 9 (the 9- "energy") as 
P5 = H, and the momenta conjugate to (x, r) as (p,P4,), 
where pn is related to the Minkowski space energy by 
E = —ip4. 

Consider a classical dynamical system whose evolu- 
tion in the unphysical time variable 9 is ergodic. We 
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denote the dynamical variables (fields) collectively by A 
and the ^-energy associated with a particular set of these 
variables as H[A]. Observed over long times 9, the sys- 
tem will visit all points on the hypersurface defined by 
6 (if [A] — Ho), where Ho is the initial 0-energy of our sys- 
tem. The long 0-time average of an observable 0[A] is 
then equal to the microcanonical average: 

(O) = lim \ f d9'0[A{9')] 

= ViHo)- 1 J VA6{H[A}- H )O[A], (22) 

where V(Hq) is the volume of the constant-ii hypersur- 
face. The last expression in (22) is the definition of the 



quantum mechanical average of the observable O in a 
formalism called micro- canonical quantization [521 153] . 
Using the Fourier representation of the delta function, 
the micro-canonical average can be written in the form 



(O) = V(H y 



00 aie 

-oo 2?r 



T>Ae l{H[A] ' Ho)§ 0[A}. (23) 



For systems with an infinite number of degrees of free- 
dom, such as field theories, the microcanonical average 
is known to agree with the canonical average under very 
general conditions [52 . When this equivalence holds, we 
can express the expectation value of the observable O as 



(O) = Zip)- 1 / VAe- pH W Q[A], 



(24) 



where Z((3) = J VAe is a partition function and 

the parameter ft is, as usual, defined by the condition 



P 



JvAe- 0H ^H[A] = 



(25) 



Upon the identification (3 — h 1 , the expression ( 24 ) be- 



comes the usual definition of the (canonical) quantum 
mechanical expectation value of the observable O as a 
functional integral in euclidean space. H[A] is recognized 
as the euclidean space action associated with the system. 
In our five-dimensional space-time H is simply the energy 
variable associated with the additional time dimension. 
The quantum of action (Planck's constant) h appears as 
the quasi-temperature associated with the ergodic finite- 
energy trajectory of the system in the five-dimensional 
space-time. Note that this definition of the expectation 
variable does not involves a thermal ensemble, only a (6)- 
time average over an ergodic, classical trajectory in the 
five-dimensional space-time. 



B. Stochastic and chaotic quantization 

The micro-canonical ensemble has been widely used in 
lattice gauge theory to calculate vacuum expectation val- 
ues of various operators |54H59j . In practice, the micro- 
canonical ensemble is generated by a stochastic trajec- 
tory obeying a Langevin equation in an auxiliary "time" 



variable. This is the essence of stochastic quantization 
[60l462| . which is thus recognized as a schematic imple- 
mentation of micro-canonical quantization [63] . 

Of course, the micro-canonical average can be gener- 
ated by any other appropriate method, e. g. by a de- 
terministic, but ergodic process in an additional physical 
(not "auxiliary" ) time dimension. Such a process is nat- 
urally realized when the evolution of the five-dimensional 
system in the additional time variable 9 is strongly 
chaotic. The method of defining the vacuum expectation 
value of a system by means of the ergodic average over 
a chaotic trajectory has been called chaotic quantization 

031531. 

An example of a physical system that thus generates 
its own quantum analogue in a reduced dimension is the 
classical lattice gauge theory [38]. A numerical study 
comparing the "self-quantizing" five-dimensional classi- 
cal gauge theory with the canonically quantized gauge 
theory in four dimensions, which was undertaken by 
Biro and Muller for the compact U(l) lattice gauge the- 
ory [65], showed excellent agreement for the expectation 
value of the Polyakov loop as a function of the gauge cou- 
pling if Planck's constant h is identified with the product 
T§a, where a is the lattice spacing. 



C. Analytic continuation 

In order to describe physics in real physical time, one 
must analytically continue the euclidean time coordinate 
r to the real time coordinate t — —it. For the canoni- 
cal average |24| ), this is exactly what is usually done in 
quantum field theory, where the Minkowski space vacuum 
expectation value of an observable O is defined by the 
analytic continuation of the euclidean space functional 
integral. The critical question is whether the same an- 
alytic continuation also applies to, and makes sense for, 
the micro-canonical and ergodic time averages (22 1. 



The analytic continuation involves a number of sub- 
tleties. First, the real-time analogue of the functional in- 
tegral ( 24 ) does not involve a real integrand and is thus 



not mathematically well defined. For the micro-canonical 
average ( p2| the problem is that the analytically contin- 
ued 0-energy (the Minkowski space action) is not posi- 
tive definite, and thus the constant- if hypersurface does 
not have a finite volume, even for a field theory with in- 
frared and ultraviolet cut-offs. In the stochastic average, 
the mathematical subtleties reside in the definition of a 
Langevin process for a system governed by a Minkowski 
space action with indefinite sign. 

There has been a limited amount of work on stochas- 
tic quantization in Minkowski space |66( I67j . For cer- 
tain systems, a complex Langevin process can be defined 
and simulated, which generates the appropriate micro- 
canonical ensemble J68J [69]. In other cases, the com- 
plex Langevin process can be stabilized by a suitable ker- 
nel [70] . Recently, complex Langevin evolution has been 
applied to generate the real-time quantum evolution of 
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SU(2) Yang-Mills theory in (3+1) dimensions [71] • 

V. SUMMARY AND OUTLOOK 

We have argued that additional time dimensions are 
not ruled out, if the dynamics governing the evolution of 
elementary fields in these dimensions is thermal or quasi- 
thermal. There are several distinct scenarios for this: 

1. If the universe is fundamentally quantum mechan- 
ical, an additional, thermalized time dimension is 
equivalent to a compactified spatial dimension on 
time scales long enough for all non-equilibrium pro- 
cesses to be dampened out. Because fermions and 
bosons obey different periodicity conditions, this 
scenario implies the breaking of any fundamental 
supersymmetry and thus could explain why super- 
symmetry is not realized at low energies. At dis- 
tances and times much larger than h/T 5 , the pres- 
ence of the additional time dimension is essentially 
invisible, except for the supersymmetry breaking 
and its influence on various low-energy constants. 

2. If the universe is fundamentally classical, an addi- 
tional, highly excited and quasi-thermal time di- 
mension will generate quantum dynamics in the 
four-dimensional space-time. Quasi-thermal means 
that the dynamics is micro-canonical globally, and 
the local ergodic ensemble can be approximated by 
a thermal ensemble. Planck's constant h is given 
by the product T^a, where a is the ultraviolet cut- 
off length of the classical field theory. In this sce- 
nario, the additional time dimension is reflected in 
the quantum mechanical nature of Minkowski space 
physics. 

Any scenario of a thermal, additional time dimension 
raises a number of questions. What is the origin of the 
high temperature T5 associated with the additional time 
dimension and why is T5 so high? While the thermal 
cosmic background radiation is naturally understood as 
remnant of the thermalized energy density contained in 
the excited vacuum state that drove cosmic inflation, the 
temperature associated with an additional time dimen- 
sion must be of a more primordial nature. It also needs 
to remain constant as a function of physical time; oth- 
erwise fundamental laws of nature would be observed to 
change over cosmic time scales. 

A partial answer to this question emerges from the ob- 
servation that, in the presence of two time dimensions, 
temperature is a two-component vector. If the observable 
universe is homogeneous, the physical time direction will 
simply be the time direction that is orthogonal to the pri- 
mordial temperature vector. The ekpyrotic cosmological 
model [72] , which posits that the Big Bang was initiated 
by a violent process, e. g. the collision between two en- 
ergetic branes, could then be re-interpreted to provide 
an explanation for the high temperature associated with 



the additional time dimension. It would be interesting to 
construct a model that explains why the temperature of 
the universe associated with the physical time dimension 
decreased over time, but the temperature associated with 
the second time dimension remained high. 

We hasten to emphasize that the physical laws will 
differ severely from those customarily assumed in those 
domains of space-time, e. g. during or before the cos- 
mic Big Bang, where the full dynamics in one of the two 
time dimensions is not effectively screened by thermal or 
quasi-thermal dynamics. For example, the law of causal- 
ity will not apply in such regions, at least not the usual 
notions of causality. How such physical laws will break 
down in domains where two time dimensions are dynam- 
ically active may depend quite strongly on the details of 
the cosmological model. 

Another question is whether and how the presence of 
an additional temporal, thermal dimension could be de- 
tected experimentally. With respect to 0-time averages, 
the second temporal, but thermally excited dimension 
behaves just like a compactified spatial dimension with 
compactification length L = I/T5. Experimental probes 
of average properties thus will require energies E of or- 
der of the temperature, or precision of the order of some 
power of E/T5. However, it may be possible to probe for 
the existence of real #-time dynamical phenomena, which 
may have a much longer duration if the dynamics of rele- 
vant fields is weakly coupled. For most field theories, the 
longest lived excitations are of hydrodynamic nature, be- 
cause their decay is protected by local conservation laws. 
It may thus be possible to probe for violations of causal- 
ity or unitarity induced by such dynamical processes in 
6-twae. It would be interesting to derive a general theory 
of such microscopic causality violations. 
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Appendix: The Five-Dimensional Propagator 

Let us consider a massless scalar field with the La- 
grangian 

L=^m + 3<l> (AT) 
and its Feynman propagator 

DM = jfL. . (A.2) 

Here k denotes the conjugate momenta to the spacetime 
coordinates, and we can break k up into k = (k x , k y ,k z ), 
u>, the momentum conjugate to t, and \, the momentum 
conjugate to the second time direction 9. After a Fourier 
transformation, the five-dimensional wave equation with 
a source term 

d tt d*4>{x)=j(x) (A.3) 
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is solved by 



(2tt) e 



d b ke- lkx D{k)j{k) , 



(A.4) 



where j(k) is the Fourier representation of the source. 
Following Yndurain |10j . we consider a point source of 
strength q at rest with respect to physical time and in 
the second time dimension. The source is given by 



j{x) 



ds 8{e i {s)-x tl ) 



(A.5) 



where £^(s) is the position of the point source in 5-space- 
time, parameterized by the proper length s. If the source 
is fixed at the spatial origin and at 9 = 0, we have 
£"( s ) = (s, 0, 0, 0, 0), and the Fourier transform of the 
source distribution is simply 



j{k)=2irq5(u) 



(A.6) 



Inserting this result into the expression (A.4 1 for the po- 



tential and using the propagator (A.2) yields 



d 3 k d x 



(A.7) 



We now switch to spherical coordinates and integrate out 
the angular parts, obtaining for the integral over k: 



2tt 



dk 



k e ife l x l 
fc 2 — X 2 — 



(A. 



The integral over k is easily evaluated by closing the 
integration contour in the positive complex half-plane, 
i. e. only the poles with Im k > contribute. In order 
to perform the integral, we need to specify the values of 
the conjugate momentum x, which contribute. The case 
considered by Yndurain [10 , which we examine first, is 
that the second time coordinate 9 is compactified on a 
circle S 1 with radius L, i. e. that 9 is cyclical with period 
2t:L. The single- valuedness of the plane wave solution in 
9 then implies the discrete frequencies \n = n/L, where 



n € Z. For real \ n the contour integral (A.8) becomes 



2?r c »lxJ|x| = 27r c i|n||x|/£ 



(A.9) 



We now consider the potential energy between the static 
source at x — and another static source located at 
|x| = r, also at 6 = 0. Identifying a = q 2 /(8ir 2 L), we 
reproduce Yndurain's result (apart from an overall sign): 



V(r) = -qcj>(x) = - 



i + 2 J2 einr 



/L 



71=1 



rtan 2Z 



(A.11) 



This shows that a compactified second time dimension 
introduces an undesirable imaginary component into the 
scalar potential generated by a static source. Because 
the same is true for the Coulomb potential generated by 
a static charge, the energy levels of, e. g., the hydrogen 
atom will be complex, implying a violation of the con- 
servation of probability. In other words, a compactified 
second time dimension leads to violations of unitarity 
in quantum mechanics, excluding extended space-time 
models of this kind. We note that Dvali et al. [IT] con- 
sidered a slightly different model, where all fields except 
gravity are constrained to a specific point in the 0-time. 

Now consider the alternate case where we assume that 
the momentum (energy) component \ conjugate to 9 is 
thermalized with temperature T5. The "thermal" aver- 
age of the physical-time Feynman propagator is obtained 
by replacing the integral over \ with a summation over 
the Matsubara frequencies \n = 2mnT^. The evaluation 
of the contour integral then yields the result 



4>{x) 



8tt 2 |x| 
8tt 2 |x| 

167T 2 |X| 



T 5 V" e ( " e - |n||x|)T5 



(A.12) 



1 + 2 ]T e -"l x l T 5 cosh n9T b 



coth LJ- — T 5 + coth J-i- — T 5 



Returning to the expression ( |A.7[ ) for the field, we obtain: 
■ • '■' yV(MM-ne)/z (A.10) 



87T 2 |x|L 



n£Z 



q 

87T 2 |x|£ 



l + 2^V" |x|/L cos 



n6 



which is purely real. This shows that all corrections to 
the potential from the thermal dynamics in 9 fall off ex- 
ponentially with the distance from the source. 
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